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Abstract

Plasmonic nanolasers relying on the excitation of localized surface plasmons in a lat-
tice represent a promising solution to the challenges of developing nanoscale lasers
which have both a smaller footprint and lower power consumption than conventional
lasers. Here, the lasing capabilities of seven structures of square periodic gold parti-
cle lattices utilizing IR 792 laser dye and femtosecond pumping are examined using
spectroscopy and interferometry in the real and k-spaces with a focus on polariza-
tion. Spatial coherence was observed for all cases in both the near and far field.
The lattices were all found to produce fields similar to the LG00 and LG01 modes. A
transition point between the dominance of these two modes was established to be-
tween a particle diameter of 170 nm to 180 nm. Where measurable, the LG00 mode
was found to have a degree of linear polarization greater than 0.974. The LG01 mode
was used to identify the bound in continuum state in all arrays as TE-1.

Keywords: Plasmonics(250.5403); Interferometry(120.3180); Nanophotonics and
Photonic Crystals(350.4238); Coherence(030.1640); Fourier optics(070.0070); Polar-
ization(260.5430)
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Chapter I
Introduction

It would be impossible to deny that lasers have been one of the most important in-
ventions since the first one was built just over sixty years ago. If it is not their direct
use in enabling high-speed communication and manufacturing, their importance to
research is incalculable. Many of these applications demand that physical size and
power consumption are minimized. This has been a driving force behind the de-
velopment of nanolasers in general with such devices that produce lasing by taking
advantage of plasmons referred to as plasmonic nanolasers. Rapid development of
the plasmonic nanolaser has been seen since this technology was first demonstrated
in 2009 [1]. This thesis surrounds investigations into the lasing capabilities of a plas-
monic nanolaser with square periodic gold nanoparticle arrays on a glass substrate
immersed in IR 792 laser dye, focusing on polarization and the effect of changes to
the particle diameter.

Applications for lasers that consume less energy and take up less space are not
insignificant; three specific areas where nanolasers have shown particular promise are
telecommunications, near field spectroscopy and sensing, and biocompatible sensors.
In telecommunication, they can lower the power per bit consumption [2] and the
suitability for direct waveguide integration [3] make them excellent candidates for
the next generation of optical interconnects [1]. Refractive index sensing [4], and
cell labeling/tracking are just a couple of the demonstrated biological uses.

A particularly exciting development in nanolasers has been lasing of the dark
mode which has many of its own applications. The dark modes are subradiant
and have a much higher quality factor (Q), but it has been a challenge to couple
them to the far field. [5]. A dark mode appears in the far field as a toroid. These
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doughnut shaped fields go by a variety of names, but are noted for having the ability
to carry orbital angular momentum [6]. These include but are by no means limited
to imaging, metrology [7], optical manipulation [2] and quantum computing [8].

One sign of the possibilities that exist in the research of plasmonic nanolasers is
the wide variety of structures that are being explored. A range of different lattice ge-
ometries have been used including triangular/hexagonal [9] and even aperiodic [10].
Even more have been proposed, including rectangular, oblique, and rhombic lat-
tices [11]. Copper [12] and silver [5] have been experimented with as well. Addi-
tionally, the use of different dyes is a particularly active area of research in this
field [13,14].

A common analysis of systems utilizing periodic plasmonic nanostructures, such
as the nanolaser investigated here is to image the k-space of the field that is generated
when the array is excited. One of the earliest examples of this is the work of Kravets
et al. [15–24]. The reason for the intense focus on the k-space is that a key feature of
conventional lasers is their limited divergence. Imaging the k-space informs on how
the beam will appear in the far field. Following this path, the k-space is investigated
both directly and using interferometry under varying polarization. The results are
analyzed independently and are then compared to measurements of the real space.

The key results of these studies were that large-diameter particle arrays were
examined for the first time, and all demonstrated lasing capabilities. Importantly
a transition from the bright mode regime to the dark mode regime was found to
occur somewhere between arrays with 170 nm and 1780 nm particles, and further,
that the intensity of the bright mode grows exponentially with particle diameter.
When the bright mode is dominant, it is seen to be highly linearly polarized with a
degree of linear polarization between 0.974 and 0.999. k-space measurements were
used to identify the bound states in continuum in all the measured arrays to be
TE-1. Finally, wavefront folding interferometry revealed coherence in both the near
and far fields, which helped to demonstrate the evolution of both the bright and
dark modes.

In the next chapter, the theories key to the measuring and functioning of the
nanolaser will be discussed. The following chapter will describe the experimental
setup and how it was utilized for data collection. The third chapter presents the data
and analyzes what results can be taken from the measurements before conclusions
are given in the final chapter.
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Chapter II
Theoretical Background of Methods &

Plasmonic Lasers

The lasing capabilities of this system are primarily evaluated in the k-space. The
first section of this chapter will be a brief survey of Fourier optics. The next section
is focused on the properties of lasers, and specifically the properties which will be
investigated here. Finally, the workings of the plasmonic nanolaser evaluated in this
thesis are laid out, including special consideration of plasmon theory.

2.1 Fourier Optics

The Fourier transform is a valuable tool to both mathematicians and physicists.
It is built on the concept that any periodic function may be expressed as a sum
of periodic functions, namely, sine and cosine. Further, through windowing, any
function may be adjusted to be periodic such that the Fourier transform can act on
it. In one dimension the Fourier transform of an arbitrary function f is given by

f(x) =
1

π

⎡⎣ ∞̂

0

A(k) cos kxdk +

∞̂

0

B(k) sin kxdk

⎤⎦ . (2.1)

Where, with x′ serving as a placeholder value,

A(k) =

∞̂

−∞

f(x′) cos kx′dx′

B(k) =

∞̂

−∞

f(x′) sin kx′dx′.

(2.2)
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By substitution and application of Euler’s formula, it is possible to arrive at the
Fourier transform pair:

f(x) =
1

2π

∞̂

−∞

F (k)e−jkxdk

F (k) =

∞̂

−∞

f(x)ejkxdx.

(2.3)

This pair of equations may easily be generalized to higher dimensions such as the
two-dimensional form

f(x, y) =
1

(2π)2

∞̈

−∞

F (kx, ky)e
−j(kxx+kyy)dkxdky

F (kx, ky) =

∞̈

−∞

f(x, y)ej(kxx+kyy)dxdy,

(2.4)

or even the time (t) and angular temporal frequency domain (ω)

f(t) =
1

2π

∞̂

−∞

F (ω)e−jωtdω

F (ω) =

∞̂

−∞

f(t)ejωtdt.

(2.5)

Both Eqns. 2.4 and 2.5 will be used in this work. Using the standard script ‘F’ (F)
to denote the transform, this sets up a series of relations between the function f

and its transform and the inverse of its transform (F−1).

f(x) = F−1{F (k)} = F−1{F{f(x)}} (2.6)

F (k) = F{f(x)} (2.7)

F{F (k)} = 2πf(−x) (2.8)

A common use of the Fourier transform is to perform harmonic analysis on
a function, such as a signal, to discover the frequencies that are constituent to
the function. There are also other physical interpretations for the transform. For
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instance, when a plane wave arrives at a small angle to a thin lens, the wave will be
focused to a point on the back focal plane of the lens as shown in Fig. 2.1. In fact,
for any small angle wave incident on the lens, it will be focused to a point based on
the angle it arrived. The lens in this system may be referred to as a Fourier lens,

Fo
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r
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f f

Input
P

lan e

Figure 2.1: According to Fourier optics, a lens performs the Fourier transform on
the field by collecting all parts of the field which are propagating at the same angle
to the lens to a single point. Thus giving the shape, and in turn the k-space image,
of the field [25].

and the back focal field is the Fourier plane [26]. This is because it is taking the
two-dimensional Fourier transform of the front focal or input plane. As a confidence
check, now assume that the back focal plane of the case shown is used as the front
focal field of another Fourier lens. One would expect that the image would appear
as it did at the start, but flipped just as Eqn. 2.8 predicts. Because the initial
field is now a function of k, this will often be referred to as the k-space [27]. Aside
from the angular temporal frequency, there are a few other ways to interpret what
measurement of the k-space reveals. It is also giving the angular beam profile (shape
of the beam) [28], as well as allowing the far field to be imaged over a much smaller
distance [25].

2.2 Characteristics of a Laser

The standard for laser setup is to have some sort of matter (called the gain medium)
inside a mirror cavity. The system will then have energy added to it in an action
called pumping. The pumping may be either electrical or optical and will cause
excitations in the matter as it absorbs energy. The matter will eventually release
this energy in the form of a spontaneous emission. The spontaneous emission will
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stimulate other emissions from the excited gain medium leading to more excitations
and emissions. The released energy does not necessarily have to be in the form of
light, but ideally, the pump energy and the emitted energy will work together to
cause a predictable flow of photons. The gain medium may be atoms or molecules
of a liquid, solid, or gas. Whiskey [29], Thulium [30], Helium-Neon [31] may serve as
respective examples. Likewise, there are a plethora of options for the construction
of the cavity, but it is generally desirable to have a wall of the cavity that is as
reflective as possible to the wavelength of the emissions and another wall that is
slightly less reflective. The shape of the cavity will also affect its ability to induce
lasing. As it was stated in the introduction that a benefit of the plasmonic nanolaser
is its size, it is worth mentioning here that the cavity is one of the key limitations
of conventional lasers. A key restriction on the length (L) of the cavity is it must
be able to host the laser modes as

L =
λ0
2n
m (2.9)

where λ0 is the free space wavelength of the mode, n is the refractive index, and m is
an integer. Directly this gives a minimum cavity length of half the wavelength [32].
If all conditions are met, a beam with certain desirable properties is emitted from the
system. These properties include monochromaticity (few wavelengths in the beam),
coherence (positions in time or space where the beam is consistent), directionality,
and high intensity. Often, but not always, short time duration is added to this
list [1, 31]. The study of coherence as well as polarization are crucial to this work
and need to be considered further.

2.2.1 Coherence

Coherence may be thought of as the degree of how constant the phase of a field is.
Often, it is convenient to treat a field as being fully coherent or incoherent, but in
actuality, all wave phenomena will sit somewhere between these two as partially co-
herent. Coherence is a highly active area of research and any thorough investigation
would likely be worthy of a thesis of its own. Broadly speaking, coherence consid-
ers the spatial and temporal similarities of a wave with itself which are generally
referred to as spatial and temporal coherence. There are, however, disagreements
between authors of key texts as to the nature of this nomenclature. Some say that
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spatial coherence and temporal coherence are one and the same; calling the distinc-
tion artificial [25], others say they are fully independent [31], and others do not use
the terms at all [33]. Regardless, temporal coherence correlates to the bandwidth
of a source and is more or less how little the field morphs in time. The correlation
function Γ for the point r in some field at two points separated by time τ is given
by

Γ(r, τ) = lim
T→∞

1

T

∞̂

0

E(r, t+ τ)E∗(r, t)dt = ⟨E(r, t+ τ)E∗(r, t)⟩, (2.10)

where the angle brackets represent the averaging of an ensemble of measurements
over time. This may be normalized to give the complex degree of temporal coherence
γ as

γ =
⟨E(r, t+ τ)E∗(r, t)⟩

(⟨E(r, t)E∗(r, t)⟩⟨E(r, t+ τ)E∗(r, t+ τ)⟩)1/2
. (2.11)

Finding the simple degree of temporal coherence is simply a matter of finding the
magnitude (|γ|). Having been normalized to one in Eqn. 2.11, it follows from
the Cauchy–Shwartz inequality (|⟨u,v⟩| ≤ ∥u∥∥v∥) that the degree of temporal
coherence is also normalized to one [31]. Similarly, it is possible to quantify how
similar two points on the wavefront are with temporal coherence as

Γ(r1, r2, 0) = lim
T→∞

1

T

∞̂

0

E(r, t)E∗(r, t)dt = ⟨E(r1, t)E∗(r2, t)⟩, (2.12)

γ =
⟨E(r1, t)E∗(r2, t)⟩

(⟨E(r1, t)E∗(r1, t)⟩⟨E(r2, t)E∗(r2, t)⟩)1/2
. (2.13)

Again, the absolute value of the complex degree of temporal coherence gives the
degree of spatial coherence (|γ|), and both values are normalized to one. Importantly,
as it is not physically realizable to have zero path difference (and therefore no time
difference), temporal and spatial coherence may be generalized to

Γ(r1, r2, τ) = lim
T→∞

1

T

∞̂

0

E(r1, t+ τ)E∗(r2, t)dt = ⟨E(r1, t+ τ)E∗(r2, t)⟩, (2.14)

and
γ =

⟨E(r1, t+ τ)E∗(r2, t)⟩
(⟨E(r1, t)E∗(r1, t)⟩⟨E(r2, t)E∗(r2, t)⟩)1/2

, (2.15)
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which gives the mutual coherence function, and the complex degree of coherence,
respectively. The degree of coherence will then be

|γ(τ)| = γ(τ) exp j [ϕ(τ)− ⟨ω⟩τ ]. (2.16)

When two coherent fields interact, they will generate an interference pattern of high
and low intensities called fringes. To this end, coherence is a measure of how well
two points, either in time or space, will interfere with each other. The visibility V
of the fringes that (may or may not) appear are then a convenient way to quantify
coherence as

V (τ) =
Imax − Imin

Imax + Imin
= |γ(r1, r2, τ)| , (2.17)

where Imax is the intensity of a bright peak where there is constructive interference,
and Imin is a dark trough where there has been destructive interference.

Measurement of Spatial Coherence

All of the interferometry measurements in this thesis have been collected with a path
difference of approximately zero, meaning that they are principally a measurement
of spatial coherence. Traditionally, the measurement of spatial coherence has been
done using Young’s double-slit or double-pinhole interferometer. Fig. 2.2a illustrates
this type of interferometer being used to find the spatial coherence of the field E
at x and −x. The field at each point arrives at the holes which cause spherical
waves to be formed. An interference fringe pattern will appear on the screen or
may be recorded by the detector. In the paraxial case, this pattern will resemble
the cosine function as illustrated (in the non-paraxial case the pattern will follow
sinc2). As discussed previously, the spatial coherence of the field is then a matter
of how visible the fringes are. if E(x), and E(−x) are not at all coherent, the
fringes will not appear. When the coherence is at a maximum the intensity at the
screen will alternate from the sum intensity of the two fields to zero. While this
type of interferometer is indeed simple, to measure the full spatial coherence of the
field, all possible points must be compared, which requires changing the position
of the pinholes and remeasuring. The wavefront folding interferometer (WFI) is
then be seen as an upgrade to Young’s interferometer. An early description gives
one construction of the WFI as resembling the Michelson interferometer where the
mirror on one arm has been replaced with a rooftop mirror [34] as shown in Fig.
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Figure 2.2: Two interferometers commonly used for measuring spatial coherence. (a)
Young’s double-pinhole interferometer with an example detector measuring arbitrary
units. (b) A scanning wavefront folding interferometer demonstrating the path that
each half of the field takes.

2.2b. The field entering the interferometer at any point x will be divided by the
beam splitter. Using the convention in Fig. 2.2, half of the field will be flipped such
that at the detector the field at an arbitrary point a will be

Ea =
1√
2
E(x) +

1√
2
ei∆E(−x). (2.18)

Of course, the detector will actually measure the intensity of this field as some time
average as

Ia = ⟨Ea · E∗
a⟩ =

1

2

[︁
I(x) + ⟨eiϕE∗(x)E(−x)⟩+ ⟨eiϕE(x)E∗(−x)⟩+ I(−x)

]︁
=

1

2

[︁
I(x) + I(−x) + 2R

{︁
eiϕ⟨E(x)E∗(−x)

}︁]︁
.

(2.19)

By applying Eqn. 2.15 and then Eqn. 2.16 this may be rewritten as

Ia = I(x) + I(−x) + 2
√︁
I(x)I(−x)R

{︁
eiϕγ(x,−x)

}︁
= I(x) + I(−x) + 2

√︁
I(x)I(−x) |γ(x,−x)| cos (⟨ω⟩ − ϕ).

(2.20)
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By closing the path to each mirror it is possible to measure I(x), I(−x), and thereby
find the spatial coherence of the field for any point along the detector. The interfer-
ometer may be improved upon in several ways. Using a system of standard mirrors
creates a more robust design as it eliminates the crux of the rooftop mirror and may
also be used to flip the field about either or even both axes [34, 35]. Here the field
geometry may of course be generalized as E(r) where r(x, y). Moreover, upgrading
the setup to a scanning WFI is possible by making the path length (∆z) adjustable
which allows for the measurement of temporal coherence as well.

There are many methods for automatically conducting fringe analysis using com-
putation. Not only are these methods often faster and less work-intensive, but they
have also been shown to accurately produce phase maps without the necessity of
finding fringe centers or assigning a fringe order [36]. A common method and the
one used here is the Fourier transform method, which has demonstrated a high level
of tolerance for system-independent noise [37]. The process for the Fourier trans-
form method was first outlined by Takeda et al. [38]. A measurement of the dark
current is collected with every set of measurements, which is then subtracted away.
The intensity of the interference image is then normalized by

Inorm =
Iint(x, y)− I1(x, y)− I2(x, y)

2
√︁
I1(x, y)I2(x, y)

, (2.21)

where I1, I2 are the single-arm measurements and are interchangeable. A two-
dimensional Fourier transform is then taken which reveals three peaks. A main
center peak is flanked by two smaller peaks, and either of the smaller peaks may
be selected as the new center for the data, and the others are removed. The in-
verse Fourier transform is then taken which gives the complex degree of coherence
(γ(x, y)). Regardless of the method selected the collected data will be limited by
the alignment of the fields meaning that careful tuning of the WFI’s and positioning
of the arrays is crucial.

2.2.2 Beam Shape and Polarization

Neither the geometry of the field emanating from a laser nor its polarization have
been listed in the key properties of a laser, yet these properties are often important.
There are generally two methods for describing the shape, or mode, of the laser
beam. These are in terms of the Hermite-Gaussian (HG), or Laguerre-Gaussian
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LG00 (HG00) LG01 (HG10+HG01)

Figure 2.3: Examples of the modes exhibited in the k-space.

(LG) mode. In that any possible mode may be described by a superposition of HG
or LG modes, both HG and LG modes represent a complete set of solutions to the
paraxial Helmholtz equation in the Cartesian and cylindrical coordinate systems,
respectively. To push this point even further, it was shown that both LG and HG
modes may be generalized to the elliptic-cylindrical coordinate system in what are
referred to as Ince-Gaussian (IG) modes [39]. There are two fields relating to the
k-space of the plasmonic nanolaser investigated here which are important to this
thesis. One is a sort of Airy disc which may be approximated to the LG00 mode [40]
and the other resembles the LG01 mode. These are shown in Fig. 2.3, and will
typically be referred to as the bright and dark modes, respectively. The primary
point of this is to say that choosing to refer to the modes of this, or any other laser
in terms of its HG, LG, or IG mode does not constrict the laser to some regime.
The other purpose is it starts to illustrate that the toroidal LG01 mode may be
considered a composite of fields that together give the field shown in Fig. 2.3. In
fact, the LG01 mode is simply the sum of the HG10 and HG01 modes [41,42].

Much of this work surrounds the dark mode, more discussion of the nature of
the polarization in the dark mode appears later, but the LG00 bright mode is also
prominent in many of the measurements. Lasers are usually designed to operate
in the Gaussian (0,0) mode, as it has a smaller beam diameter than other possible
modes, and may therefore be focused to a smaller spot size. It is also common for
this beam to be linearly polarized [28]. Linearly polarized light is simply a special
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case of elliptical polarization. In fact, any light wave may be taken to be some form
of elliptical polarization as it is simply a generalization of the wave equations [33].

Ex = a1 cos (τ + δ1)

Ey = a2 cos (τ + δ2)

}︄
⇒

⎧⎨⎩Eξ = a cos (τ + δ0)

Eη = ±b sin (τ + δ0)
(2.22)

Where τ represents the variable part of the phase factor, δ is the phase angle, and
a and b are amplitudes. This is referred to as elliptical polarization because the
path that the polarization vector of the wave traces out as the wave moves along
Ez. Whether the components of the vector are taken to be Ex, Ey or the generalized
Eξ, Eη, they will oscillate 90° out of phase tracing out sine waves in their respective
plane. The sum intensity of these sine waves will be seen in the intensity of the field
when it is viewed behind an analyzing linear polarizer and rotating it through 360°.
These are the concepts illustrated in Fig. 2.4
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Figure 2.4: Evolution of elliptically polarized light. (a) The geometry of the po-
larization ellipse. (b) How the components of a traveling elliptical wave trace out
sine waves that are 90° out of phase. (c) Summation of the intensities of the two
components.

In 1852 G.G. Stoke defined four correlated parameters for the characterization
of an elliptical wave. Adding a variable χ as the hypotenuse of A and B in Fig. 2.4a
which relates the ellipticity. In this form, the so-called Stokes parameters are given
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as
S2
0 = S2

1 + S2
2 + S2

3

S1 = S0 cos (2χ) cos (2ψ)

S2 = S0 cos (2χ) sin (2ψ)

S3 = S0 sin (2χ).

(2.23)

S0 is proportional to the full intensity of the wave. The remaining relate to the
orthogonal components of the wave. S1 relates to 0° versus 90°, S2 relates to 45°
versus 135°, and S3 relates to left versus right circular polarization in the wave
(shown as h in Fig. 2.4a). The values of S1 and S2 for a given field may be
found using a linear polarizer. S3 requires measurements with a half-wave plate.
Combined, these may be used to quantify how polarized or unpolarized a field is, as
the degree of polarization with

DOP =
Ipol

Itotal
=

√︁
S2
1 + S2

2 + S2
3

S2
0

. (2.24)

Since the last three Stokes parameters all have the first parameter in them, this value
may be considered to be the Euclidean distance of the three values (which is indeed
the case if they are considered to be points in the Poincaré sphere) normalized by
the total intensity of the field [28, 33]. Degree of polarization is a valuable tool for
quantifying the polarization of a field as it characterizes the orthogonal components
of the field allowing for a full description of its polarization [43]. Without knowing
anything about the state of the circular polarization it is not possible to find the
DOP, but it is still possible to quantify the linear polarization. There does seem
to be some ambiguity for finding the degree of linear polarization (DOLP) [44], but
one common method for calculating it is to simply ignore the circular component
when calculating DOP [44–46]. In terms of the Stokes parameters, this gives

DOLP =

√︁
S2
1 + S2

2

S2
0

. (2.25)

Applying some geometry to Fig. 2.4a the necessary Stokes parameters may be
expressed as

S0 = A2 +B2

S1 = (A2 −B2) cos 2ψ

S2 = (A2 −B2) sin 2ψ.

(2.26)

13



Where A is the major axis of the ellipse and may be taken as the peak intensity
of the wave, B is the minor axis of the ellipse and the minimum amplitude of the
wave, and ψ is the angle of the major axis to the measurement axis which may be
taken as the polarization angle at which the peak amplitude appears. Substituting
these into Eqn. 2.25 yields

DOLP =

√︁
((A2 −B2) cos 2ψ)2 + ((A2 −B2) sin 2ψ)2

A2 +B2
=

(A2 −B2) |sin 4ψ|
2(A2 +B2)

(2.27)

The DOLP then quantifies how linearly polarized the field is on a 0-1 scale (1 being
fully linearly polarized) and may be found by rotating a linear analyzer through the
field to establish the geometry of the polarization ellipse.

2.3 The Plasmonic Nanolaser

In Ch. 1 it was stated that a multitude of constructions for plasmonic nanolasers
exist. While many share a theoretical framework with the one used for this thesis,
only the concepts related to this nanolaser will be explored. As previously men-
tioned, there are three key components common to any laser. Namely, the gain
medium, cavity, and pump, which should first be identified in the present system.
The pumping in this case comes from a femtosecond laser. Femtosecond lasers are
a class of lasers that take advantage of the phenomenon of mode-locking to produce
ultra-short, high-energy pulse trains. Mode-locking is not a central concept here
but may be understood simply as a group of techniques for generating light pulses
that have a duration approximately equal to the inverse of the linewidth [31]. The
purpose of this pumping is clearly to excite some gain medium. In this system, the
gain medium is a laser dye. Laser dyes are typically organic molecules which are
noted for their fluorescence as well as their wide absorption and emission bands. As
is usually the case in fluorescence, the dye will absorb photons from the pump beam,
and there will be an emission which has been Stokes-shifted to higher wavelengths.
These features are directly related to the structure of the dye molecule. For many
dye molecules, the electrons within the molecule are free to move across the middle
of the molecule but are pushed away from the edges by repulsive methyl groups (a
carbon bonded to three hydrogen) at the ends [31]. It is common for the dye to be
suspended in water or an organic solution, as is the case here [28]. The relaxation
time for the dye molecules is slow compared to the pump laser, which ensures the
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desired population inversion such that the cascade of stimulated emission occurs.
Now that there are some photons moving through the system, they will stimulate
the emission of photons from other excited dye molecules, and so on, as described
in Sec. 2.2. From here, the plasmonic nanolaser begins to differentiate itself. The
gain dye is surrounding a periodic lattice of metal nanoparticles. A more generalized
way to view the mirrored cavity of a conventional laser is to say that the mirrors
simply establish the boundary conditions which dictate which wavelengths can sur-
vive in the cavity. Rather than mirrors, the boundary conditions are established
by these nanoparticles which have been fabricated on to the glass substrate. As
demonstrated in Fig. 2.5 in the case of mirrors, it is necessary that the wave nodes
are at the mirrors, here it is necessary that either the nodes or antinodes are at
the particles. If the boundary conditions are not met, the wavelength will become
extinct. If they are met, then that associated wavelength is enhanced. This feature

Mirrors Nanoparicles

Figure 2.5: Relation of boundary conditions in a conventional laser to the nanolaser.

then sets up the limitation of what wavelengths may be emitted as they are a direct
result of the periodicity of the array, and related to the refractive index (n) of the
substrate as

λ = n · p. (2.28)

The emission is further enhanced by resonances in the particles called localized
surface plasmons resonances (LSPRs), which arise from the pump beam’s interaction
with particles in the lattice and the substrate thus increasing the lasing [47]. The
nature of surface plasmons will be discussed further in Sec. 2.3.1.

The LSPRs hybridize with diffraction orders which occur because of the periodic
lattice and generate surface lattice resonances (SLRs), [5]. These resonances have
been shown to take on two different modes. The constitution of these modes is
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Evolution of Bright Mode

(a)

Evolution of Dark Mode

(b) (c)

Figure 2.6: Illustration of how the particles generate the two observed modes. In
(a) the particles are polarized and will mainly radiate from the center of the lattice,
where as in (b) counter-propagating waves have induced a subradiant quadrupol. In
(c) the Huygens-Fresnel principle is demonstrated.

illustrated in Fig. 2.6. In one case, the particles are polarized across one axis and
therefore radiate along the other. This is the bright mode of Fig. 2.6a and while
the amplitude at the edge will inevitably decrease, in the center of the array, the
constructive interference from counter-propagating waves creates a constant phase.
Conversely in Fig. 2.6b the counter-propagating waves have caused destructive
interference at each particle location generating a standing wave. Particles at the
nodes of this standing wave have quadrupolar charge distribution generating the
dark mode, as the particles at the antinodes are still dipoles, this technically makes
this a hybrid mode. With the particles of the lattice now behaving as nodes and
antinodes, they will become point sources emitting spherical waves that together
form the beam as in the Huygens-Fresnel principle illustrated in Fig. 2.6c. The
bright and dark modes which will appear in the far field as resembling the LG00 and
LG01 modes, respectively, as described earlier.

2.3.1 Surface Plasmon Polaritons

The generation of plasmons when the pump beam is incident with the metal-glass
interface is crucial to the generation of lasing in plasmonic nanolasers. The gold and
glass belong to two different classes of material referred to as double-positive (DPS)
and single-negative (SNG), respectively. These classes are divided based on whether
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the permittivity (ϵ) or permeability (µ) are both positive, or if one is negative (a
third and unrelated class of material sees both negative). These characteristics relate
closely to their appearance. At visible wavelengths, glass and other dielectrics are
transparent, while gold and silver with their negative permittivity are reflective.
When these two materials are joined, interesting optical phenomena are able to
occur at the boundary. To start, it is practical to consider total internal reflection
where at specific angles a beam of light is perfectly reflected from the junction of two
dielectrics (two DPSs), however, the field actually penetrates beyond the interface
by a small amount as it is being reflected with what is called an evanescent wave.
In the case of the dielectric-metal junction, there is a reflection for any angle and
thus the generation of an evanescent wave is not angle-dependent, but at certain
angles, it is now possible to generate a surface wave in the metal [28]. In describing
the mechanics of plasmons Heinz Raether first approximated the metal as a dense
liquid of free electrons or a plasma, thus a single quantum of oscillation in the
plasma is a plasmon [48]. Fig. 2.7 illustrates the surface plasmon propagation. The
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Figure 2.7: Electric and magnetic fields of a propagating surface plasmon.

penetration of the electric field into the metal (m) and dielectric (d) is illustrated
(δ) and clearly decays exponentially in the z direction and does not penetrate as
deeply into the metal side of the interface. The magnetic field (H) is oscillating
in and out of the page [32]. The change in sign of permittivity at the boundary
forces a change in the sign of the electric field which then results in the generation
of an optical wave. The coupled optical wave and surface plasmon are called surface
plasmon polaritons (SPPs) [28], and when this field becomes radiative, a powerful
light emission occurs [48]. This can be taken a step further when metal particles with
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sub-wavelength dimensions and smooth surfaces on a dielectric are considered. Here,
the surface geometry means that it is no longer a unique critical angle for the light
interaction, and the size causes a shift in the charge for the whole particle generating
the localized surface plasmon polariton (LSP) if the resonance frequency of the
lattice structure is matched by the excitation frequency, the LSPR is realized [28].

2.3.2 Bound States in Continuum

A result of the periodic lattices in the plasmonic nanolaser is the appearance of
bound states in continuum (BICs). Shortly after the emergence of quantum theory,
evaluation of Schrödingers equation suggested the possibility that bound states could
exist above the continuum threshold, but it was not until many years later that it was
found that this held true for many wave phenomena [49, 50]. BICs are coexistent
with unbounded/continuum states but are spatially bounded [50]. Very recently,
lasing from BICs has been demonstrated [49] and therefore identifying the BICs
in the arrays is a further way to characterize the lasing capabilities of the arrays.
It has been shown that careful variation of the particle periodicity and diameter
allows for all four fundamental BICs to be produced by the same system. In the
far field, the BICs will appear as a cylindrical vector beam and identification of the
BICs is possible by examining the polarization [24]. This means that any of the
four BICs may be present in any of the arrays considered in this thesis. However,
by comparing which parts of the far field is visible after it has passed through the
analyzer to those illustrated in Fig. 2.8 it will be possible to know which of the
BICs exist. The polarization angles here, and for the remainder of this thesis, are
considered from the vertical y-axis, anticlockwise. For example, if the analyzer is
set to 90° and the observed field is coming from a known dark mode, and there
is illumination on the horizontal axis, it is evident that the BIC type is TM. In
addition, if the analyzer is set to 135°, and the illumination is in the top right and
bottom left, it is indicative that the topological charge is +1. If these are from the
same initial beam, it shows that the fundamental BIC is TM+1.
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Polarization Maps of Four Fundamental BICs
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Figure 2.8: Polarization maps of the four fundamental BICs and the angle of polar-
ization in each region.
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Chapter III
Experimental Setup &

Methods for Data Collection

The purpose of the setup is to excite the dye molecules and arrays on the sample
slide but to do so in a way that only one array is excited at a time, and then to
simultaneously capture three different images of the resulting emission. This chapter
focuses on describing the setup used to collect the data for this thesis.

3.1 The Setup

Fig. 3.1 provides a representative model of the experimental setup and its key
components. The pump beam is produced by the Quantronix Integra-C 3.5 which
emits a train of 130 fs pulses at 1 kHz. Each pulse carries a maximum of 3.5 mJ
in the form of vertically polarized 800 ± 10 nm laser light [51]. The beam is split
onto other experiments before arriving at the setup. Following the path of the beam
through the setup, it first passes through a half-wave plate mounted in a motorized
rotation stage followed by a horizontal polarizer. Using a digital power meter, the
half-wave plate is rotated such that the pulse energy is attenuated to 2 µJ. A custom
Arduino-controlled aluminum shutter prevents the beam from entering the system
and possibly damaging components when it is not in use. An iris diaphragm helps
block undesired light before it is focused via a mirror onto the sample slide. On the
way to the slide, the beam passes through a quarter-wave plate circularly polarizing
the light.

The sample slide is held in place by a custom 3D printed mount which is fitted
to a three-axis (xyz) stage. The pump beam creates the excitation of the dye and
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WFI-1

Spectrometer

WFI-2

Pumping

Removable Polarizer

Nanoparticle Arrays
on Glass Substrate

Tuning Laser and
Lamp

Figure 3.1: Model of the experimental setup. The key components include the
pumping beam and sample with arrays. The emission is then collimated and di-
rected towards the three measuring devices (Real-Space WFI , k-space WFI, and
Spectrometer). The polarization of the emitted beam may be adjusted using the
removable polarizer. A separate laser and lamp are used for aligning the elements
of the experimental setup.
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which is of course enhanced by the nanoparticles to induce lasing. This results in a
beam that is then collimated by first passing through a 10X microscope objective,
and then a lens with an effective focal length of 200mm. A linear polarizer mounted
in a manually rotating stage could be added or removed from the system at this
point to polarize the field to some desired angle. Another iris diaphragm is used to
block higher-order emissions from propagating further. If necessary, various neutral
density filters could be added here to both protect the imaging optics and prevent
saturation. A 30:70 beamsplitter directs 30% of the field towards a camera objective
which is then focused into the first wavefront folding interferometer and camera. The
70% of the beam that is transmitted is incident on a 100 mm lens acting as a Fourier
lens before passing through a 50:50 beamsplitter. With half of the field passing to
the spectrometer, and half towards the second WFI. The Fourier lens allows for
imaging of the k-space as described in Sec. 2.1. Finally, the setup also features
a halogen lamp and helium-neon laser, both of which helped tune and align the
system.

The resulting field in each of the interferometers is captured by FLIR Grasshop-
per 3 GS3-U3-32S4M-C cameras which utilize a 2048 × 1536 pixel CMOS sen-
sor with a global shutter allowing for the simultaneous capture of each of the
3.45 µm × 3.45 µm pixels [52]. The other terminus for the plasmonic nanolaser beam
is the Andor Kymera 193i spectrometer. The spectrometer was setup to use the 1200
line per mm grating, allowed for measuring the spectrum in approximately 0.21 nm

increments [53]. This spectrum was recorded by the attached Newton EMCCD
DU970P detector from the same manufacturer. The cooled electron multiplying
CCD allows for capturing a maximum of 649 spectra per second on a 1600 × 200
array of 16µm × 16 µm pixels, giving a two-dimensional image of the spectrum with
one axis for position and the other for the wavelength [54]. A MATLAB script
allowed for simultaneous collection of data from all three sensors. There are two
aspects of the setup which require more detailed considerations.

3.1.1 The Arrays

The gold nanoparticle arrays were patterned onto a glass slide (borosilicate, n800 ≈
1.52) using electron beam lithography, and evaporative metal deposition to create a
nominal particle height of 56 nm. As mentioned in Sec. 2.3 the gain medium for this
type of plasmonic nanolaser is a fluorescent dye. In this case, IR 792 is used, and it
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is diluted with index matching fluid (matching the borosilicate glass slide substrate).
From Fig. 3.2b it is clear that IR 792 follows the general structure of other laser
dyes presented in 2.3with the methyl groups at either end of the molecule separated
mostly by carbon. The dye mixture is then covered by a glass slide cover. Particle
periodicity and diameter within each array are constant but are varied incrementally
across the slide to give a variety of geometries for measurement. A model of the
slide with arrays is given in Fig. 3.2a. The diameters vary from 80 nm to 220 nm
in 10 nm increments, and periodicities 570 nm, 580 nm, and 590 nm. Nine sets of
arrays were patterned onto the sample.
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Figure 3.2: Details of the nanoparticle arrays and dye. In (a) the general geometry
of the patterned arrays with IR 792 on the borosilicate substrate. The molecular
structure of IR 792 dye is shown in (b) [55].

3.1.2 The Wavefront Folding Interferometer

The two wavefront folding interferometers are crucial in collecting coherence data
from the system. The first collects real-space coherence data and the second is for the
k-space measurement, each may be viewed in Figs. 3.3a and 3.3b respectively. For
compactness, these will mostly be referred to as WFI-1 and WFI-2 from this point.
Each WFI features shutters driven by Arduino-controlled servos and activated by
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MATLAB script. These operate sequentially to allow the camera to first measure
part of the field with one arm open then the field with the other arm open, with both
arms open, the interference is measured, and finally, both arms close such that the
dark current may be measured. There are two key differences in the WFIs. First, it
can be seen from the models that WFI-1 uses a system of flat mirrors, whereas WFI-
2 relies on a single rooftop mirror. Using the mirrors creates a more robust system
and eliminates the dead zone that exists in the crevice of the rooftop mirror [35].
The other difference is that WFI-1 is able to flip the field about both axes (horizontal
and vertical), where as WFI-2 follows the more traditional design as described in
Sec. 2.2.1 and uses the rooftop mirror to flip the field about the horizontal axis. As
the scanning of the interferometer arms was not used, it is of only minor interest
that the path length in WFI-1 is controlled via a micrometer stage, and WFI-2 has
a Thorlabs motorized translation stage which is again activated via MATLAB and
is described by the manufacturer to be accurate to 0.05 µm.

(a) (b)

Figure 3.3: Models of the two WFIs used for measuring the coherence of the emitted
field. Real-space measurements were captured by WFI-1 (a), and WFI-2 (b) is
positioned after the Fourier lens to capture k-space measurements.
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3.1.3 Tuning the Setup

Two elements included in the setup aid in tuning the experimental setup. One is
a HeNe laser. A system of mirrors (not shown) reflects the beam into the system.
With the slide removed, the beam passes through the setup, and using targets, it
is possible to verify that the various mirrors, beamsplitters, and lenses are properly
aligned. The HeNe laser is also used to align the slide when installing it by ensuring
that the beam is reflected back down its path of incidence. The second tool is
the halogen lamp which sits directly behind the slide stand. Taking advantage of
the very small coherence length of the lamp (Lc ≈ 16 µm [56], though fringes from
the lamp were only visible for a single 0.05 µm step of the translation stage), it is
then possible to establish with a high degree of certainty where the path length
difference in the arms is approximately zero. Finally, the halogen lamp is also used
to illuminate the slide such that the correct array could be found, centered on the
cameras, and tested.

3.2 Measurements

The overreaching target of the data collection was to measure the polarization of
the beam for a variety of particle diameters. To achieve this, the linear polarizer
was removed to first record the unpolarized beam. Then, the polarizer was replaced
and starting at 0° measurements were made in 45° increments up to 135°, in affect
providing measurements for all 360° of polarization. The particle diameters from
160 nm to 220 nm were taken as a representative sample. One challenge that has yet
to be addressed is that the IR 792 and index matching solution damages the arrays
over time, and of course, there is always the possibility of difficulties in fabrication,
etc. The result of this is that not all measurements were collected using the same
periodicity. A particle periodicity of 570 nm was used as the default, however in a few
cases the use of the 580 nm or 590 nm arrays was needed. This change is indicated
where necessary. The direct processing of each data set is more or less unique to
the type of data collected and is discussed in detail along with the presentation of
the data in the next chapter.
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Chapter IV
Data Processing &

Analysis

In this chapter all of the collected data from each measurement will be presented,
and then analyzed. Each measurement was first corrected to account for the filter
according to

I

I0
= 10−D ⇒ I0 = I · 10D,

where I is the measured intensity, D is the filter density, I and I0 represent the
field intensity without filtering, respectively. Then the features were scaled for each
set of measurements for each array such that they could be visualized on the same
scale. The intensity units for all three sensors are arbitrary and are therefore not
given.

4.1 Spectral Measurements

As described in Sec. 3.1 the spectrometer was able to record both the spectral
distribution of the field and the y-position. The slit opening for the spectrometer
has been set wide to prevent problems that may arise from a narrow slit with the
analyzer set to 0°. This had the added effect that the spectrometer images would also
show the shape of the field. For this reason, a script was written in Python to help
identify the central wavelengths for each mode. In all of the following figures, the
dark mode is highlighted in green, and when visible, the bright mode is highlighted
in orange. In all measurements, the data has been cropped to display a region of
40 × 40 pixels for an image that is 640 µm tall with a wavelength range of 40 nm.
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Figure 4.1: Spectral k-space measurements of the d = 160 nm array.
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Figure 4.2: Spectral k-space measurements of the d = 170 nm array.
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4.1.1 d = 160 nm

In Fig. 4.1 the bright mode is distinct at about 861 nm, and a faint image of the
dark mode may be observed at roughly 848 nm. With the analyzer in place, it is
obvious that the field is much more intense for 90°, and 135° cases.

4.1.2 d = 170 nm

Fig. 4.2 shows that the dark mode is beginning to become more intense, and the
peak intensity measured is higher than in the previous case. Both modes have also
shifted slightly towards longer wavelengths. The polarization of the bright mode
follows the same trend, while as expected, the toroid of the dark mode is missing
segments depending on the polarization.

4.1.3 d = 180 nm

In the case of the 180 nm particles shown in Fig. 4.3, the dark mode is beginning to
dominate. This is also the first case where a larger periodicity was necessary, and
it is clear that there has been a larger shift towards longer wavelengths. Behind
the analyzer, the bright mode has again followed the behavior like before appearing
approximately as intense as the dark mode in the 90°, and 135° cases, while the dark
mode intensity is generally consistent.

4.1.4 d = 190 nm

From Fig. 4.4 it may be seen that at a particle diameter of 190 nm the dark mode
now completely dominates, and it has continued its procession to higher wavelengths.
Of all the spectral measurements, this is the clear image of the toroid pattern char-
acteristic of the dark mode, and it serves as a good example that depending on the
polarization the lobes appear in different positions.

4.1.5 d = 200 nm

Again, the measurement of the 200 nm particle lattice has created a sharp (perhaps
the sharpest) dark mode with no visible bright mode as may be seen in Fig. 4.5.
The overall intensity has continued to increase, and as before, with the larger period,
there has been a significant shift to larger wavelengths.
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Figure 4.3: Spectral k-space measurements of the d = 180 nm array.
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Figure 4.4: Spectral k-space measurements of the d = 190 nm array.
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Figure 4.5: Spectral k-space measurements of the d = 200 nm array.
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Figure 4.6: Spectral k-space measurements of the d = 210 nm array.
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Figure 4.7: Spectral k-space measurements of the d = 220 nm array.

4.1.6 d = 210 nm

Fig. 4.6 gives the only measurement of an array with a 580 nm period. The central
wavelength appears somewhere between what has been seen in the other cases, but
the intensity has continued to increase. Only the dark mode is visible.

4.1.7 d = 220 nm

Measuring the d = 220 nm array required a combination of neutral density filters
totaling a filter density D = 5 as the field had become so intense. The measurements
given in Fig. 4.7 are once again for the lowest periodicity, and, as has been the case
for particles larger than 180 nm, the bright mode is either indistinguishable or is
too insignificant to register. The dark mode has continued to drift slightly towards
longer wavelengths.
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4.1.8 Analysis

The spectral measurements on their own provide considerable information about
the output from the plasmonic nanolaser. The central wavelength of each mode is
given in the respective figure, and it is evident that the greatest cause for difference
is the periodicity of the array. This follows directly from the fact that the boundary
conditions are established by the spacing of the particles, and hypothetically the
difference of the array geometry should be able to be accounted for by considering
Eqn. 2.28. In Fig. 4.8a, the refractive index for each mode has been plotted along
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Figure 4.8: Calculated versus expected refractive indices are given in (a). The
intensity of the modes without polarization is given by logarithmic scale in (b)
illustrating a roughly exponential trend.

with the actual refractive index of the borosilicate glass. The values associated with
the larger periodicities are grouped in the upper right corner of the plot, and the
points associated with the bright modes of the 160 nm and 170 nm arrays are pretty
close to ideal. There is however little other correlation. It is obvious that Eqn.
2.28 is not sufficient for explaining which wavelengths a given array geometry might
produce, especially for larger particle diameters. It has been suggested that finding
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the full Stokes parameters for the field might help better understand the origin of
the modes and help develop a more robust model. The other important information
that the spectral measurements provide is of course the intensity of each mode. The
unpolarized intensities are plotted against the particle diameter in Fig. 4.8b. It is
abundantly clear that the intensity of the dark mode increases with particle diameter
at a roughly exponential rate. The plot also implies that there is a transition from
a bright mode dominant regime to a dark mode dominant regime at around 180 nm,
but more data must be collected to confirm this.
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Figure 4.9: Intensity vs. Polarization angle with calculated sine fits. Lighter colors
are for dark modes, brighter colors represent bright modes. Where possible (160 nm,
170 nm and 180 nm) the bright and dark modes are compared in (a), and (b) gives
a logarithmic scale for the remaining arrays.

The spectral measurements are also an excellent tool for analyzing in detail the
polarization of the modes. The same script which was used to identify the central
wavelengths was also used to find the peak intensity of each region (i.e., the two lobes
of the dark mode and the single for the bright mode). To better account for any
tilting of elements in the system, etc. the two lobes of the dark mode were averaged
together. Then the intensity of the polarization measurements for each mode in
each lattice could then be plotted based on the angle of polarization. The result of
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this is shown in Fig. 4.9. Because the 0° measurement also gives the polarization
at 180° and so on, the data may easily be made to be periodic. Fitting the periodic
changes in intensity to a sine wave allows for estimating the major and minor axis
of the field. With that, it is possible to apply Eqn. 2.27 to find an estimation for
the degree of linear polarization. This analysis is of course most relevant to the
bright modes, however, the low DOLP calculated for the dark modes helps further
illustrate that their intensity remains fairly constant regardless of the polarization.
Table 4.1 gives the estimated DOLP as well as the major and minor axes for the
sine fit of each mode.

Array Mode Major Axis Minor Axis DOLP

160 nm
Bright 108° 20.6° 0.994
Dark 98.0° 2.20° 0.539

170 nm
Bright 114° 25.2° 0.999
Dark 117° 48.1° 0.203

180 nm
Bright 117° 26.9° 0.974
Dark 56.6° 47.2° 0.395

190 nm Dark 69.9° 159° 0.131
200 nm Dark 34.2° 129° 0.244
210 nm Dark 175° 85.9° 0.312
220 nm Dark 9.17° 98.0° 0.416

Table 4.1: Table of values found by sine fit.

Looking at the DOLP values in the table, it is easy to see that the three bright
modes are not just highly linearly polarized but also follow a similar trend for their
major and minor axes. The dark modes on the other hand exhibit a maximum
DOLP of ≈ 0.539, and are wildly inconsistent, both of which should be consistent
with the expectations of this type of beam. Repeating these measurements with
a half-wave plate would allow for a more complete analysis of the bright mode by
allowing for the calculation of the final Stokes parameter and in turn the full degree
of polarization for the bright mode. An important takeaway from Fig. 4.9b is
that there is a slight dip in the intensities at 90°. Assuming all the bright modes
would follow a similar trend, this implies that the bright mode has truly become
insignificant, and is not just being covered by the dark mode.
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Array
Visible Regions

Proposed BIC
0° 45° 90° 135°

160 nm : : : : TE-1
170 nm : : : : TE-1
180 nm : : : : TE-1
190 nm : : : : TE-1
200 nm : : : : TE-1
210 nm : : : : TE-1
220 nm : : : : TE-1

Table 4.2: Proposed BICs of the modes based on analysis of k-space measurements.

Finally, another important benefit of the wide slit providing the k-space image of
the field, is that it starts to offer clues to which BICs are present in the dark modes
by comparing each polarized measurement to the unpolarized case, and considering
which portion of the field is still present. Either the 0° or 90° measurements are used
to determine whether the BIC is TE or TM, and the 45° or 135° are then necessary
to determine the topological charge (+1 vs. -1).Table 4.2 gives the results of this
analysis. The illumination under polarization gives the BIC for all arrays as TE-1.

4.2 k-space Interferometer Measurements

Sitting behind the Fourier lens as well, WFI-2 was used to take interferometry
measurements of the k-space by flipping the field vertically. This gives the spatial
coherence along one axis of the k-space which is representative of the divergence of
the beam in the far field. It has already been seen in Sec. 4.1 what the general
shape of the field should be, but remember that here the bright and dark modes
will not generate separate images, rather they will be superposed on top of each
other. Each measurement has been processed using the Fourier transform method
as described in Sec. 2.2.1. As the data has already been normalized in processing,
and the intensity information is lost (and the units are arbitrary to begin with),
the colorbars are not included. Each of the following images is 1534 × 1534 pixels
which correlates to a 5.2923 mm × 5.2923mm area of interest. For consistency with
the previous measurements, each image has been mirrored horizontally. This is
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not necessary, but referring back to Fig. 3.1 the beam is now moving the opposite
direction into the camera.

4.2.1 d = 160 nm

Excepting for the interference fringes, the images captured in Fig. 4.10 follow closely
what was seen in the spectrometer images before. There is a clear bright mode, but
the intensity of the mode under 0° and 45° polarization drops off significantly.

4.2.2 d = 170 nm

Fig. 4.11 again gives an expected result. Remembering that the bright mode was
still more than three times brighter than the dark mode in the spectral measure-
ments, the bright mode dominates when the polarizer is removed, but under close
observation, there is a slight twisting of the fringes, which illustrates the presence of
other wavelengths, and in this case, illustrate the presence of the other mode. The
0° and 45° measurements also give a faint impression of the dark mode. There is an
unfortunate amount of saturation in the unpolarized image.

4.2.3 d = 180 nm

Looking at Fig. 4.3 and considering that in the comparable spectral measurements
the dark mode was just 5% brighter than the bright mode, it is not surprising that
the LG01 profile has started to appear in the unpolarized image, but it is by no
means dominant. An interesting pattern has started to develop in the 45° and 135°
data. Rather than seeing two parts of the field as before plus another two from the
flipped image (given for illuminated regions that would not overlap), there are triple
lobe patterns in each case. Again, when there is no polarization, the measurement
shows saturation.

4.2.4 d = 190 nm

The measurement of the d = 190 nm array given in Fig. 4.13 is the first where
the related spectral measurement showed no bright mode. The figures with no
polarization and 0° seem to support this. There is no visible bending of the fringes
and the center is unilluminated. This raises interest in the 90° and 135° and especially
the 45° measurements where no bright mode should exist yet there is a distinct bright
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No Polarization 0°

90°

45°

135°

d = 160 nm (p = 570 nm)

Figure 4.10: k-space interferometer measurements of the d = 160 nm array.

No Polarization 0°

90°

45°

135°

d = 170 nm (p = 570 nm)

Figure 4.11: k-space interferometer measurements of the d = 170 nm array.
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No Polarization 0°

90°

45°

135°

d = 180 nm (p = 590 nm)

Figure 4.12: k-space interferometer measurements of the d = 180 nm array.

No Polarization 0°

90°

45°

135°

d = 190 nm (p = 570 nm)

Figure 4.13: k-space interferometer measurements of the d = 190 nm array.
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region at the center of the image. The 0° image is also over-saturated in this data
set.

4.2.5 d = 200 nm

Similar to the previous array, Fig. 4.14 has a clear LG01 shape when there is no po-
larizer. The 0° image also supports the intuition provided by the respective spectral
measurement. The unexplained triple lobe pattern is still visible in the remaining
cases, however. In this set of measurements, it appears that both the unpolarized
and0° measurements are again saturated.

4.2.6 d = 210 nm

The triple lobe pattern is again present in the 45°, 90° and 135° measurements of
the d = 210 nm array in Fig. 4.15. The previous indicators of the bight mode are
not visible at all here. There is, however, a small amount of fringe distortion in the
top and bottom of the illuminated area visible in all of the measurements.

4.2.7 d = 220 nm

Fig. 4.16 once again shows the three lobes, although here, in the 90° image the
central lobe appears to be much less pronounced than the central lobe of the other
images. Furthermore, all images appear to be more square than in measurements
for the smaller arrays. The fringes are slightly more distorted in the top and bottom
than in the previous array.

4.2.8 Analysis

The number of measurements that became oversaturated is disappointing, as it
makes serious quantitative analysis of the fringes impossible here. It would be
ideal to compare the peak fringe visibility of the measurements, however, in the
situation that the image was saturated, not only is the data above the cutoff lost
but there is bleed-over from the areas of constructive interference making the areas
with destructive interference appear brighter. Thus, neither term in Eqn. 2.17 will
be accurate. To better demonstrate this, Fig. 4.17 presents the central column of
the 170 nm array without polarization. It is evident that some data has been lost
from the constructive interference peaks.
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No Polarization 0°

90°

45°

135°

d = 200 nm (p = 590 nm)

Figure 4.14: k-space interferometer measurements of the d = 200 nm array.

No Polarization 0°

90°

45°

135°

d = 210 nm (p = 580 nm)

Figure 4.15: k-space interferometer measurements of the d = 210 nm array.
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No Polarization 0°

90°

45°

135°

d = 220 nm (p = 570 nm)

Figure 4.16: k-space interferometer measurements of the d = 220 nm array.
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Figure 4.17: One column from the no-polarization image of the 170 nm array in Fig.
4.11 demonstrating saturation in the measurement.

Another concern in the k-space interferometry measurements is the triple lobe
pattern. Fortunately, the fact that it is visible for all arrays which show a prominent
dark mode, this provides a clue that the problem is systematic. One hypothesis for
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the source of this issue is that there is a sort of shifting that is happening when
the two fields are overlapped. Unfortunately, the one-way data was discarded after
normalization in data processing to reduce computing time, and therefore no image
of the field with only one arm open could be recovered. A suggested solution for re-
covering the data was to process the measurements with an experimental MATLAB
script which relied heavily on Fourier transforms to simulate a simple superposition
of the field coming from both arms. A second solution was presented by the data
from Roman Calpe, who had recorded a one-way k-space measurement of the same
190 nm array under 45° polarization at a later time. By taking Roman Calpe’s mea-
surement and flipping it, it was possible to estimate how the fields from the two
arms may have looked like for various alignments in the overlap. A result of both
tests is given for comparison in Fig. 4.18, and seems to point to an offset existing
in the measurements to be a plausible explanation of the triple lobe pattern.

Overlapped
(with Offset) SimulationOne Way k -space

Figure 4.18: Investigations into the triple lobe patterns seen in the measured data.
The orange line represents the middle of the fields, and illustrates how an offset
between them could be the cause of the pattern.

A Further hindrance of these measurements is, given that WFI-2 only mirrors
the field about a horizontal axis, it is impossible for the recorded measurements to
fully reveal which BICs exist in the arrays on their own regardless of if there were
an offset or if the fields had been perfectly aligned. This is a result of the light
entering the interferometer after the analyzer. In other words, the vertical rotation
means that the identifying components in the 45° and 135° cases cannot align in a
way that is unique. It is however still possible to determine if the modes are TE or
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TM by looking at the 0° and 90° measurements. Aside from the 160 nm array where
the bright mode was too dominant to make any determination of the state of the
dark mode, the results of this analysis are given in Table 4.3, and reiterate that the
BIC type is the same for all arrays.

Array
Visible Regions

Proposed BIC
0° 45° 90° 135°

160 nm N/A N/A N/A N/A N/A
170 nm : N/A : N/A TE
180 nm : N/A : N/A TE
190 nm : N/A : N/A TE
200 nm : N/A : N/A TE
210 nm : N/A : N/A TE
220 nm : N/A : N/A TE

Table 4.3: Proposed BICs of the modes based on analysis of k-space interferomentry
measurements.

4.3 Real-space Interferometer Measurements

The real-space measurements were taken by the mirror-based WFI-1, and as the
field has been flipped along both the x and y axes, the measurements represent the
full spatial coherence of the field. As should be expected, the real-space images of
the arrays show the square shape of the arrays. Because these are again interferom-
etry measurements, the observation of fringes and where they are is important. Like
previously, with the k-space measurements, the data has been processed by following
the Fourier transform method, and as all data are normalized to the correspond-
ing measurements, the colorbars are not included. Similarly, the area of interest is
the same 1534 × 1534 pixels, meaning that the measurements or 5.2923mm aside.
Again, considering the direction of the beam, the images have been flipped to main-
tain consistency with the previous measurements.
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d = 160 nm (p = 570 nm)

No Polarization 0°

90°

45°

135°

Figure 4.19: Real-space interferometer measurements of the d = 160 nm array.

d = 170 nm (p = 570 nm)

No Polarization 0°

90°

45°

135°

Figure 4.20: Real-space interferometer measurements of the d = 170 nm array.
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4.3.1 d = 160 nm

The real-space spatial coherence of the field coming from the 160 nm array is given
by Fig. 4.19. Fringes are seen in all images, but are most prominent for the 90°
case. Of the polarized images, it is also the brightest.

4.3.2 d = 170 nm

In Fig. 4.20 the fringes have become more prominent in all cases, but are still
clearest in the 90° measurement. Moreover, note that the center of the array is
brighter than the edges.

4.3.3 d = 180 nm

The previous k-space measurements have shown that this array supports a roughly
equally intense bright and dark mode. Observations of Fig. 4.21 show that the
fringes are visible across the entire array for all measurements, but areas of darkness
at certain locations of the array are starting to appear. This array also seems to
have a defect in one of the corners.

4.3.4 d = 190 nm

Fig. 4.22 shows that there is a high level of coherence around the edges. The analyzer
definitely seems to be filtering light from distinct regions. These dark regions are
corresponding to the same regions as in the k-space interferometry and spectrometer
measurements seen previously.

4.3.5 d = 200 nm

The unpolarized image of Fig. 4.23 has many of the same features as were seen
in the previous array. The fringes are brightest around the edges, but overall they
are dimmer. A defect is again present in a corner and is of course repeated to the
opposite corner. The same pattern of dark regions persists.

4.3.6 d = 210 nm

In Fig. 4.24 the fringes are much less pronounced, and almost nonexistent in the
90°. The left and right edges of the array are indeed quite visible.
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d = 180 nm (p = 590 nm)

No Polarization 0°

90°

45°

135°

Figure 4.21: Real-space interferometer measurements of the d = 180 nm array.

No Polarization 0°

90°

45°

135°

d = 190 nm (p = 570 nm)

Figure 4.22: Real-space interferometer measurements of the d = 190 nm array.
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No Polarization 0°

90°

45°

135°

d = 200 nm (p = 590 nm)

Figure 4.23: Real-space interferometer measurements of the d = 200 nm array.

No Polarization 0°

90°

45°

135°

d = 190 nm (p = 570 nm)

Figure 4.24: Real-space interferometer measurements of the d = 210 nm array.
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No Polarization 0°

90°

45°

135°

d = 220 nm (p = 570 nm)

Figure 4.25: Real-space interferometer measurements of the d = 220 nm array.

4.3.7 d = 220 nm

The measurement of the 220 nm array in Fig. 4.25 have two fringe patterns which
have yet to be observed. Aside from the wide fringes which appear similar to those
seen in the other arrays, there is a vertical region with more tightly packed fringes,
and further, there is a horizontal region with even more tightly packed fringes. The
cause for this is undetermined, however, it is known that this must relate to higher
frequency light. As such, it may be a result of the pump beam being reflected by the
large diameter particles, or the possibility exists that it is from some higher-order
mode.

4.3.8 Analysis

Previous work in analyzing the origin of modes infinite lattice structures has shown
that the bright mode radiates from the center of the array and the dark mode
radiates from the edges [5]. This follows from the evolution of the modes from
the plasmon resonances and is an effect that is clearly visible in the data. Having
already identified the bright mode’s dominance in the 160 nm array with the k-space
measurements, it is clear that in the real space measurements of this array the overall
intensity diminishes some towards the edge. Using the 190 nm array as an example
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for a dark mode dominant array, it is very clear that the intensity is decreased
in the center and is higher around the edges. In an attempt to demonstrate this
progression, a new script was developed to calculate fringes in a given region. For
the bright modes an area just off-center (to avoid the unknown phenomenon at the
center in the 220 nm array) was used, and for the dark modes an estimate of peak
fringe visibility was used to establish the region. The results of this analysis for the

Particle Diameter [nm]

Dark Modes
Bright Modes

Unpolarized Mode Fringe Visibility

Figure 4.26: Fringe visibility by mode in unpolarized measurements.

unpolarized measurements are presented in Fig. 4.26. The trend seen here is not
overly dissimilar to that seen in Fig. 4.8b where both plots show a similar change
in the dominance of the bright mode somewhere between 170 nm and 180 nm.

Looking at the measurements collected with the analyzer in provides the final
evidence for identifying which BIC is present in each of the arrays. Unfortunately,
the bright mode is too dominant in the 160 nm. and 170 nm arrays to make reason-
able judgments for this. Similar to before, the illuminated areas are noted in Table
4.4. It is now know that the BICs which have been predicted using the dark mode
seem to be the ones which are present in the arrays. It is worth reiterating that
there was no requirement that all seven arrays have the same BIC. Close tuning of
the parameters has shown that any of the four options may be produced by similar
situations to those used here.
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Array
Visible Regions

Fundamental BIC
0° 45° 90° 135°

160 nm N/A N/A N/A N/A N/A
170 nm N/A N/A N/A N/A N/A
180 nm : : : : TE-1
190 nm : : : : TE-1
200 nm : : : : TE-1
210 nm : N/A N/A N/A TE
220 nm : : : : TE-1

Table 4.4: BICs of the modes based on analysis of real space interferomentry mea-
surements.
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Chapter V
Conclusions

In this thesis, I have presented in detail the key theories governing the plasmonic
nanolaser as well as the methods for testing the polarization and lasing capabilities
of the laser. In addition, I have discussed the theories governing both the laser and
the measurements in detail. Each of the seven arrays tested has been measured un-
der five different polarization states by a spectrometer, and two different wavefront
folding interferometers giving real space and k-space coherence for a total of 105
measurements. My examination of the data revealed that in the far field, all arrays
are capable of producing a recognizable toroidal dark mode which resembles an LG01

mode, with the three smaller arrays also producing a bright mode which resembles
the LG00 mode as well. A bright mode dominant regime was found to exist in ar-
rays with a particle diameter less than 170 nm, changing to a dark mode dominant
regime taking over when the particle diameter is greater than 180 nm. In connection
to this, I found that the intensity of the dark mode increases exponentially across
the measured arrays as the diameter of the particles increases. In investigating the
polarization, I discovered that the bright mode is linearly polarized with the calcu-
lated degree of linear polarization at 0.974 on the low end and a maximum of 0.999
found for the 170 nm array. For the dark mode, I was able to use the polarization
of the k-space to establish that of the four possibilities, TE-1 is the bound state
in continuum for all arrays. Simple analysis of the spectrum revealed a drifting of
the beam’s wavelength as the diameter increased which does not follow the current
model. Lastly, I was able to compare the real space and k- space measurements to
demonstrate the evolution of the bright and dark modes of the lattice.

Developing the plasmonic nanolaser does face some obstacles, but there is no
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lack of applications to motivate continued efforts, and the future avenues of research
include measuring the Stokes parameters for the entire beam in the near and far
field which is likely to help further identify the evolution of the modes, and help
establish better if other modes may present, and possibly help improve the model for
predicting the emitted wavelength, particularly for the dark modes. Investigating
more lattices such as those with geometries around that of the 180 nm array to
further identify the change in mode dominance, as well as larger diameter arrays to
better understand the evolution of intensity observed in the dark mode. All of these
would improve the general understanding of not just this plasmonic nanolaser, but
many others as well.
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